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Abstract

The main goal of the present contribution is to establish an energy consistent time integration procedure for multi-
body systems with friction. Based upon a rotationless formulation for multibody systems, we use the coordinate aug-
mentation technique in order to implement frictional phenomena such as joint friction. Within this contribution we use
the viscous friction assumption as a classical friction model incorporated in the joints. We start with a classical ad hoc
model for damping and extend the formulation to multibody systems, dealing finally with an underactuated control

problem of a three bar linkage with applied joint friction.
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1. Introduction

We use a rotationless formulation for multibody
systems which has been shown to be especially well-
suited for the design of energy-momentum conserv-
ing integration schemes [1, 2]. Energy-momentum
schemes facilitate a stable numerical integration of
differential algebraic equations (DAEs) with index
three. The rotationless formulation of rigid bodies
relies on redundant coordinates which coincide with
the components of the rotation matrix. The constraint
of rigidity is explicitly enforced by means of six inde-
pendent constraints for enforcing the orthonormality
of a body fixed director frame. The underlying DAEs
facilitate the incorporation of additional ‘external’
constraints which account for the interconnection of
rigid bodies in a multibody framework.

Although the rotationless formulation does not use
rotational parameters, rotations are often required to
model specific multibody systems. For example,
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joint-angles, associated joint-torques or joint friction
are common modeling features. To incorporate rota-
tions into our rotationless formulation we have previ-
ously developed in [3, 8] a coordinate augmentation
technique. This approach represents an extension of
the original rotationless formulation and thus pre-
serves all the advantageous algorithmic conservations
properties of the original scheme. In particular, for
conservative multibody systems with symmetry, the
time-stepping scheme inherits conservation of both
the momentum maps (linear and angular momentum)
and the total energy from the underlying continuous
system.

Of course, friction effects play a major role for real
world applications. Our goal is to develop an energy
consistent integration method for nonconservative
multibody systems. In particular, in the limit case of
vanishing friction the original conserving method
should be recovered. An energy consistent method
should capture the dissipative properties correctly,
independent of the time step. Standard integrators do
not possess this property in general; see [5]. In the
present work we will focus on the incorporation of
joint-friction by making use of the aforementioned
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coordinate augmentation technique.

The outline of the current contribution is as follows.

First (Section 2) we give a brief introduction to dissi-
pative systems by a 1D model problem, dealing with
a damped spring mass oscillator. Here we will define
some important values and show how to check ener-
getic consistency. In section 3 we give a short survey
of the description of rigid bodies and the underlying
equations of motion. An extension for nonconserva-
tive systems follows, accompanied with the example
of a physical pendulum (Section 4.1). An extension to
multibody systems is given in Section 4.2, by the
incorporation of frictional effects, dealing finally with
an underactuated control problem, where we will
show how important friction phenomena for control
problems are. The contribution ends with the conclu-
sions.

2. 1D model problem

A first approach of how to handle dissipation is to
consider a simple spring mass oscillator with a veloc-
ity dependent viscous damper, as visible in Fig. 1.

The equation of motion for this one DOF system
yields to:

mg+dq+cqg=0 (1)

As one can see, the damping term is velocity de-
pendent, representing a viscous damping element.
This is in contrast to other damping models; see e.g.
[9]. In the first instance we apply the second order
accurate mid-point evaluation to perform a time inte-
gration of the equations above:

qn+1 - qn = At Vn+]/2 (2)
m(vlﬁ—l —V")+Atd vn+l/2+ At dq n+1/2 =0 (3)
with

TrL

Fig. 1. Ad hoc model for friction (Kelvin-Voigt).

2
Vor1 = E(qnﬂ —4n )—V" (4)

A discrete version in terms of the configuration can
be expressed as

2m

E(qn-#l _q71)_2mvn +d(qn+l _qn)+At D+ 1/2= 0 (5)

For non-conservative systems the following rela-
tionships can be stated

H=-2
der:—j:bdt )
H, ,-H,+AD=R
where the dissipation >0 for all times 7. Here H
is the Hamiltonian concerning the conservative part,
while R represents the residual equation which must

be fulfilled for all times. The dissipation can be de-
rived here as follows. Multiplying (1) with ¢

mqq +dqq +cqq =0 0

performing a time integration

[ miiq ae+ g ar+ [eqq ae = @®
jmqﬂ dt+J‘d4q'dt + '[ch_th yy )
Tdt — %

leading to the equivalence
M=H+ A, (10)

Here 4 is the augmented Hamiltonian, consisting
of the conservative part H and the non-conservative
part _4,. Where _4, stands for the accumulated
dissipation, which can also be written as

ADzjibdt (11

Energy consistency requires 5>0 leading to a
monotonic decrease of H . In this first ad hoc ap-
proach, where we modelled a simple spring mass
damper, with a linear damping characteristic, we can
calculate the accumulated dissipation using the stan-
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dard mid-point evaluation:

A, =Jdc}q'dt (12)
Ay = A"+ Aed (13)
Since the terms inside the time integral are at max.

quadratic, the dissipation is calculated without any
numerical errors.

T 10 20 30 a0 50
time

Fig. 2. displacement g.
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Fig. 3. Fulfillment of the residual.
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2.1 Numerical example

Here we will present the results from the ad hoc
model above. We choose a mass of m =5, a spring
stiffness of ¢ =150 and a viscous damping coefficient
of d =1.5; the time step size is Az =0.05. Fig. 2
shows the displacement ¢ of the mass, as obvious the
system is undercritically damped. To prove the con-
sistency of our integrator presented above energetic
consistency we check the residual equation (6) ,
which must be zero for all times (Fig. 3). Finally, the
energy components are plotted in Fig. 4, split into the
components of kinetic, potential and their sum, the
Hamiltonian. The sum of the accumulated dissipation
and the Hamiltonian renders a straight line which
means that we obtained a consistent time integrator
for the ad hoc dissipative model.

In the following we will adapt the procedure for
multibody systems, where we will model joint friction
using the same friction model as presented before.

3. Multibody systems

In this section we briefly describe rigid bodies and
whole systems governed by a system of differential
algebraic equations which arise due to the kinematic
assumptions and external constraints combining rigid
bodies. These formulations go back to works [1, 2].
The main focus is now on the incorporation of joint
friction to these models. This can be facilitated by the
coordinate augmentation technique, which was pre-
sented in [3, 8]. First we will present the basic equa-
tions of motion followed by the kinematics of a spa-
tial rigid body. The incorporation of friction will be
addressed and representative examples will follow.

3.1 Governing equations of the rotationless formula-
tion

In this section we outline the equations of motion
which provide a uniform framework for the rota-
tionless formulation of multibody dynamics. For sim-
plicity, we focus first here on discrete mechanical
systems which are holonomic and scleronomic'. Ac-
cordingly, the equations of motion assume the form

20 . 30 40 50
ume

Fig. 4. Energy components for spring mass system.

! the extension to rheonomic systems will be given in Section
4.2.1
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q-v=0
Mv —£(q)+G (@)L =0 (14)
®(q)=0

Here, q(1)e R" specifies the configuration of the
mechanical system at time ¢, and v(t)e R” is the
velocity vector. Together (q,v) form the vector of
state space coordinates (see, for example, Rosenberg
[7]). A superposed dot denotes differentiation with
respect to time and M e R"*" is constant and sym-
metric mass matrix, so that the kinetic energy can be
written as

_L

T(V)—ZV'MV (15)

Moreover, feR" is a load vector which may be
decomposed according to

f=Q-VV(q) (16)

Here, V(q)e R is a potential energy function and
Qe R" accounts for loads which cannot be derived
from a potential. Moreover, ®(q)e R" is a vector
of geometric constraint functions, G = D(q)€ R"*"
is the constraint Jacobian and A€ R™ is a vector of
multipliers which specify the relative magnitude of
the constraint forces. In the above description it is
tacitly assumed that the m constraints are independent.

Due to the presence of holonomic (or geometric)
constraints (14) , , the configuration space of the sys-
tem is given by

Q=(ne W|o(q)=0] (17)

The equations of motion (14) form a set of index-3
differential-algebraic equations (DAEs) (see, for ex-
ample, Kunkel & Mehrmann [6]). They can be di-
rectly derived from the classical Lagrange's equations.

3.2 Discretization of the DAEs

For the discretization of the DAEs (14), we apply a
specific approach which yields an energy-momentum
conserving scheme. Consider a representative time
interval [tn,tm] with time step Af=t,,, —t,, and
given state space coordinates q,€Q, v,eR" at
t, . The discretized version of (14) is given by

At
qn+1 _qn = T(Vn + VVH—I)

M (Vn+l_ Vn ) =N f(qn’qlﬁ—l)_ At G(qn’qnﬂ )T)_\‘ (18)
(I)(qu—l ) =0

with

f(qn’qn+1)= Q(qn’qlﬁ»l)_€V(qn’qn+l) (19)

In the sequel, the algorithm (18) will be called the
basic energy-momentum (BEM) scheme [3].

The advantageous algorithmic conservation proper-
ties of the BEM scheme are linked to the notion of a
discrete gradient (or derivative) of a function
fiR"——>R . In the present work Vf(q,.q,.,)
denotes the discrete gradient of f. If f'is at most quad-
ratic then the discrete gradient coincides with the
standard gradient evaluated in the mid-point configu-
ration (., = (qn +q,,,)/2, that is, in this case

6f‘(qnﬁqnﬂ): Vf(qnﬂ/z) . We refer to [1’ 3] for
further details of the implementation.

3.3 Rotationless formulation of the rigid body

The configuration of a rigid body in three-
dimensional Euclidean space can be characterized by
the placement of its center of mass @(f)e R° and a
right-handed body frame {d,}, d,e R (I=1,2,3),
which specifies the orientation of the body (Fig. 3.3).
The vectors d, will be occasionally called directors.
Let X=X, be a material point which belongs to
the reference configuration ¥ c R° of the rigid
body. The spatial position of Xe V' at time 7 relative
to an inertial Cartesian basis {e,} can now be char-
acterized by

x(X.1)= () + X,d, (1) (20)
Obviously, the configuration of the rigid body can

be characterized by the following vector of redundant
coordinates (n=12):

a=[¢" d d! d! d] @n

Due to the assumption of rigidity the body frame
has to stay orthonormal for all times. Thus there are

% In this work the summation convention applies to repeated
lower case Roman indices.
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Fig. 5. Spatial rigid body.

m=6 independent internal constraints with associated

constraint functions

i, -
—ld, d, -1
Yo
L7

—d,’ d, -1
/o,

1
®,(q)= E[d3Td3 ] (22)
d'd,

d/d,
d,"d,

The internal constraints given thus rise to the corre-
sponding 6x12 constraint Jacobian

0" a4 0o 0|
0" o a, o
0" o o df
o' a,” d/ o
o' a4 o 4/
0" 0" d) d,|

G (q) = (23)

Moreover, the kinetic energy expression (22) leads
to the constant mass matrix

M= (24)
0 0 EI 0

0 0 0 EI

where I and 0 are the 3x3 identity and zero matrices.

The equations of motion of the constrained system at

hand can now be written in the form of the DAEs (14).

3.4 Incorporation of joint friction

So far the formulations presented above hold for
conservative systems with holonomic, scleronomic
constraints. Our intention now is to incorporate joint
friction, using the coordinate augmentation technique
[3, 8]. This technique incorporates rotational degrees
of freedom into our rotationless formulation. This
enables us to apply torques directly on specific angles.
This idea is also the cornerstone of the incorporation
of joint friction. We can consider joint friction as a
joint torque which is acting against the direction of
rotation, proportional to the relative joint velocity.

The incorporation into the continuous set of equa-
tions of motion according to (14) can be performed as
follows: T,

q-v=0
Mv—f(q)+G' (Qr+T1, =0 (25)
®(q)=0

T, can be viewed as an external torque acting on
the system. Here we will model the torque velocity
dependent, acting on the augmented coordinates (6, ),
so generally we obtain

1(0)=d0 (26)

where d represents the damping coefficient.
A discrete version in an energy consistent setting
can be obtained according to the BEM-scheme:

At
44179, = ?(vn + vn+1)

M(v,,- v,)=Arf(q,.q,,)-A Gla,.q,,) + (27)
+ AtT(BnH/Z)

(I)(an ) =0

4. 3bar linkage

The numerical example will deal with an underac-
tuated control problem of a three bar linkage. We will
demonstrate how friction affects the necessary driving
torques in order to prescribe the desired movement.

The three bar linkage represents an open loop chain.
As a motivation one can think of a serial robot con-
sisting of three arms. Especially in robotic applica-
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3
Dot

Fig. 6. Schematics for the 3bar linkage.

tions if one is interested in obtaining required driving
torques for position problems (control problems),
friction effects play a crucial role [9], since an exact
modelling of joint friction affects the results dramati-
cally. The purpose within this section is to give a
short preview of how to implement joint friction to
more complex multibody systems, without emphasiz-
ing the exact modelling of friction phenomena. There-
fore, we keep the relationship that the friction torques
depend linearly on the relative joint velocity (Eq.
(26)). What we like to point out is to show how dif-
ferent the results for control problems might become
when we implement dissipative effects to a multibody
system within an energy-consistent framework.

4.1 Incorporation of control constraints

My +VV(q)+Glg) h+t,+ B(q)

=0

=0
(28)

D1/ aaa (‘l) 0

wntrol (q’t) 0

where usually the control constraints consist of a
scleronomic and a rheonomic part

(I)cuntrol (q’t) = Z(q) + 3(1) (29)
rheonomic

scleronomic

The discretization can be accomplished as usual, by
using the mid-point evaluation:

At
qn+l _qn = 7(Vn + Vn+1)

M(v, +V,.,)=Af(q,.q,..)- A G(g,.q,.,) %
+ &1l .,) + B (g, g,.)m (30)
(I)(qn+1) = 0

(I)comro(qnﬂ ,th) =0

4.2 Rotationless formulation

As obvious from Fig. 13, the present system con-
sists of three rigid linkages, leading to the following
configurational vector:

1 I

q 0

Q. =|q* | with [d," | whereI=1,2,3  (31)
3 I
q d,

All necessary constraints, concerning internal as-
sumptions of rigidity and also external joints, shall
not be presented in a detailed fashion. For all who
might be interested, standard kinematic pairs are pre-
sented in [2]. We now want to summarize the number
of redundant coordinates and the number of total con-
straints, leading to the number of DOF the system at
hand has. As obvious from Eq. (31), we have n=18
redundant coordinates, while having in total three
bodies, means to invoke another my, =9 internal
constraints due to the assumption of rigidity. Having
again three joints leads to another m,, =6 external
constraints. Therefore, the number of DOF equals
n—my, —my, =18-9-6=3.

4.3 Coordinate augmentation

Here the coordinate augmentation for the present
example is outlined in more detail, since it is vital for
our control purpose and the application of joint fric-
tion. First, we want to introduce new redundant coor-
dinates into our framework. These coordinates are of
rotational character. Taking a glance at Fig. 13, we
see that we want to actuate the system at the joints 1
and 2. This means that we also need to incorporate
the relative angles in-between as well as the third
angle since all joints will be afflicted with friction:

qori
®1
(32)

The corresponding constraints yield
D' sig(q) = D' g (1 )+ e (07 ) with 1=1,2,3 (33)
The first augmented coordinate

D'ae (qori ) = dzlel + dzlez (34)
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(I)laug(®1)= sin®' —cos @' (35)

For the second and third augmented coordinate we
obtain

(L (qori ) = dzidlj + dzidzj (36)
Do (@k )= sin®" — cos©* (37)
where i=2, 3, j=1,2 and k=2, 3.

The corresponding constraint Jacobian for all aug-
mented angles yields

G =[G ue(qu) Gue(0)] with1=1.23 (38)

where we can write

0. lalvaf 0] o9
GzaUg(qori)=|:0T1x6 (d23)r (d23)r
0. fatva?) |

The constraint Jacobian for the augmented part
yields

G'ae (@k)= cos®’ +sin@®’ (40)

As obvious from Eq. (39), all terms are at most
quadratic. This means that the discrete version coin-
cides with the mid-point evaluation. While, the dis-
crete version of (40) needs a special evaluation (see
[3]) and leads to

I )4 i
Glaug((a],,”,@],, ): @ Wg(%[n:l)_glﬂug((a n ) 41)

n

The current intention is to perform an underactu-
ated control of the present 3bar linkage. Therefore,
we prescribe the motion of the center of mass (CoM)
of the third link. This point follows a linear trajectory,
resulting in the control constraint

@ (q,1)=q" o —5(7) (42)

while s(¢) is characterized by a 9th order polyno-

mial proposed by [4] and which has the following
form:

s(t)=s, + (12667 4201 + 54007 ~315¢° + 70t9)(43)
'(sf _so)

Where s, and s, mark the initial and final posi-
tion of the CoM. The time in-between both positions
ismarkedas ¢, =1, —¢,.

The application of the BEM scheme for control
problems needs a corresponding constraint Jacobian
for the control constraints to be stated. In this example,
since we need two joint torques to be actuated, we
obtain

B= [Olex szz] (44)

4.4 Numerical example

The geometric properties for our example are sum-
marized in Table 1.

The initial position can be specified by the three
generalized coordinates

_n

®1
10

T, ®2=%7[ and ©;=0 (45)

while the initial velocity is setto v =0. As described
above, we want to solve a control position problem.
Starting from point s, , going to s,, which are

Table 1. Inertial and geometric properties pertaining to the three
legs of the linkage.

body M E, E, length width
1 30 1.225 143.3 7.57 0.7
2 25 1.02 88.02 6.5 0.7
3 20 1.02 120.42 8.5 0.7

values

input

T =2500F

=3000-

-3500

40005 i z 3 3 5
time

Fig. 7. Inputs for the undamped case.
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—-1500F

-2500)

input valuss
v
g
L=

-3000

-3500F

400Gy 1 z 3 4 5
time

Fig. 8. Inputs for damped case.

specified by

3.74 6
o {1.79} T M (40)

We perform two simulations, one without activated
friction in the joints and a second one with joint fric-
tion. The intention is to show the influence on the
inputs (driving torques) and the final position of all
links, the step size is chosen to Af = 0.02

For activated joint friction, we choose a damping
constant of @=3000. The results of the simulation are
displayed below. Figs. 7 and 8 give a comparison of
the conservative and non-conservative case, showing
the necessity of an adequate modelling of joint fric-
tion.

5. Conclusions

The present work illustrates the incorporation of
dissipation into an energy consistent scheme for mul-
tibody dynamics. Starting with the ad hoc approach
we incorporated linear viscous friction, where we
showed how dissipation could be time integrated
properly in order to obtain an energy consistent inte-
gration even for non-conservative systems. The ex-
tension to multibody systems, could be performed
straightforwardly. Here we made use of the coordi-
nate augmentation technique which facilitates the
incorporation of joint friction. The modelling was
done by applying a joint torque which is acting
against the direction of rotation, while the friction
model was retained. As an application we presented
the underactuated control of a three bar planar ma-
nipulator. This showed the relevance of modelling
joint friction appropriately, since these effects auto-
matically affect the input values as well as the end-

configuration of a control problem, especially for
underactuated systems.

Future work will deal with more adequate friction
modells; one could also think of a modelling similar
to visco elastic material behavior in continuum me-
chanics.
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